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ON THE r?-FUNCTION FOR BISINGULAR PSEUDODIFFERENTIAL 

OPERATORS 

KARSTEN BOHLEN 


Abstract. In this work we consider the 77 -invariant for pseudodifferential operators 
of tensor product type, also called bisingular pseudodifferential operators. We study 
complex powers of classical bisingular operators. We prove the trace property for the 
Wodzicki residue of bisingular operators and show how the residues of the ? 7 -function 
can be expressed in terms of the Wodzicki trace of a projection operator. Then we 
calculate the A-theory of the algebra of 0-order (global) bisingular operators. With 
these preparations we establish the regularity properties of the r;-function at the 
origin for global bisingular operators which are self-adjoint, elliptic and of positive 
orders. 


1. Introduction 

The theory of pseudodifferential operators is indispensible in the study of partial differ¬ 
ential equations and index theory as they occur naturally when we consider differential 
operators and in the construction of parametrices of differential operators which are 
Fredholm. In the landmark papers of Atiyah and Singer (cf. [1], [2]) the authors con¬ 
sider tensor products of complexes of pseudodifferential operators. Such tensor products 
are no longer contained in the ordinary Hormander’s classes of pseudodifferential oper¬ 
ators. Here the calculus of bisingular operators is the correct class which allows for a 
systematic treatment of tensor products while basic pseudodifferential techniques are 
still applicable. This class of operators contains tensor products of classical pseudodif¬ 
ferential operators as well as the external product of such operators. The bisingular 
calculus was introduced in 1975 by L. Rodino, [23]. In this paper we continue the study 
of the calculus. There are many questions still unresolved, for example it was outside 
the scope of the original papers of Atiyah and Singer to obtain an analogue of their in¬ 
dex formula for pseudodifferential operators of tensor product type. The main difficulty 
lies in the operator valued nature of the principal symbols and the non-commutativity 
of the symbol space. Despite the importance of the index problem it is still unresolved 
(see also [21] for recent work). 

In the work of Atiyah, Patodi and Singer (cf. [3]) on the index formula for manifolds 
which do possess a boundary, the ry-invariant enters. The ry-invariant can be defined 
in terms of a regularized trace of a given pseudodifferential operator (self-adjoint and 
of positive order). Roughly speaking and in mild cases the ry-function measures the 
difference between the number of the positive and the negative eigenvalues of a given 
self-adjoint operator. In this connection Atiyah, Patodi and Singer considered the 
question of the regularity of the ry-function at the origin and established such a result 
for particular cases. The complete solution was obtained later by Gilkey, [12]. 
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In the sequel we give an outline of the contents of this paper. The 77 -function for a 
self-adjoint, elliptic bisingular operator A is defined via the bisingular canonical trace 

r?(A, z) := TRbising^|A|-"+\ z G C. (1) 

The r 7 -function is meromorphic with poles of first and possibly second order. In the 
standard case it is an important and non-trivial result that the rj function is regular 
and analytic at the origin z = 0. For a proof see e.g. Gilkey [12], [13] as well as the 
exposition due to Ponge, [22]. 

We reiterate the definition of the spectral ^-function and introduce the fe-th Wodz- 
icki residue for bisingular operators. It was defined in [21] as follows. For a given 
bisingular operator A € x X 2 ) we fix two positive, elliptic operators Qi G 

Q 2 e and set 

Wies^’^^A) := Res^=oT^(^Qr^ ® Q^")- (2) 

Starting from this definition we show that Wres^ represents a trace on x 

X X2 ) by adapting the argument of Wodzicki, see e.g. [16]. 

The proof of the regularity properties of the r 7 -function relies ultimately on an impor¬ 
tant relationship between the residue of the r 7 -function and the Wodzicki residue of 
certain projections. These projections n_|_(R) are called sectorial projections in the 
non-selfadjoint case. The result can be stated (in our context) as follows for an elliptic 
bisingular pseudodifferential operator A of positive order which is self-adjoint 

Res^=o ^(^5 ■^) = 27r7Wres^n_|_(74) (3) 


see also [26]. 

Hence this is expressed in terms of the Wodzicki residue of a projection operator in 
the pseudodifferential calculus. The formula above holds for the case of self-adjoint 
bisingular pseudodifferential operators. For two proofs that the sectorial projections of 
a classical elliptic pseudodifferential operator of positive order in the standard case is 
a pseudodifferential operator of order < 0 we refer to [9] and [14]. Since we are in this 
note only concerned with the regularity of the ry-invariant for self-adjoint operators we 
do not investigate the sectorial projection for non-selfadjoint operators in the bisingular 
class. Using our earlier results on the iF-theory we prove that the Wodzicki residue 
of any projection operator is 0. This implies then the main result: The ry-function for 
self-adjoint, positive order, elliptic bisingular operators can have at most first order 
poles at the origin. 

The paper is organized as follows. In Section 2 we recall elements of the theory of 
bisingular operator classes, the global calculus and the calculus for smooth compact 
manifolds. In the third section we calculate the iF-theory for the norm completions 
of the algebra of global bisingular operators. Then in Section 4 we consider complex 
powers proving that the classical bisingular operators remain in the classical bisingular 
class if we take their complex powers. As a preparation for the discussions in the sequel 
we will introduce in Section 5 the canonical bisingular trace. In Section 6 we recall the 
definition of the bisingular Wodzicki residue and prove the trace property. We also 
define the spectral ^-function and the T 7 -function in this context. In the final section 
we give a proof of the holomorphicity properties of the ry-function at the origin. 
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2. BiSINGULAR OPERATORS 

2.1. Global calculus. In this section we introduce the terminology and notation for 
the rest of the paper. The global bisingular pseudodifferential ealculus was introduced 
in the paper [6] and we recall the dehnition here. 

We denote by for i = 1,2 the usual classical Shubin classes of symbols (cf. 

[25] ) and by (M”’*) the pseudodifferential operators (the quantized symbols in ). 

Denote by := (1 + \xi\^ + for x*, G 

Definition 2.1. The class of bisingular symbols consists of smooth 

functions a: ]R 2 ni+ 2 n 2 (j^ with the following uniform estimates 

Furthermore, we set 

p-oo,-ooj'j^ni+n2^ _ pmi ,m2 ^]^ni+n2 ^ 

mi ,m2 


Given such a symbol a we have two maps 

(xi,6) ai(xi,6) := ((2:2,6) a(xi,6,2:2,6)) 

and 

(2:2,6) ^ 02(x 2,6) := ((2:1,6) ^ a(a:i,6,2:2,6))- 

Hence ai G r™61^''6) and 02 G 

The subclass of bisingular classical symbols is denoted by and obtained by using 

in the above definition the classical Shubin classes. We will later give an alternative 
definition of classical symbols based on radial compactifications. 

We have two principal symbols 

G (4) 

= 4™"^ G C°°(52”"-\G7(M”6)- (5) 

The principal symbols have the following properties for A G B G 

(^Pl,P2(']^ni+n2) 


cr. 


rrii+pi 




{A-B) 


-ar{A)-ar{B), 
a^^{A)*,i = 1,2. 


Fix the notation (TRni,(T]gn 2 for the principal symbol map of ^^^1 

respectively. Then define in each case the pointwise principal symbol maps 

dRni : C°°(S2”2 -i,g™6^”6) ^ x 

dMn6T)(xi,6,2:2,6) :=^hR"i(i"(2:2,6))(2:i,6), F G G°°G^f , 
dMni(G) :=aMn2(G(xi,6))(x2,6), G G G^{S^^^-\G^f{R^^). 


Note that by nuclearity we have 

C“( 52 "i“i,G™ 2 (^n 2 )) ^ 
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and the pointwise symbol maps are also given by 

d]R"l = idf7oo ( 52712 - 1 ) <8) CTIRIII , iT]R" 2 = ITM"2 8 id(5oo (52711 -1 ) . 

The following compatibility condition holds 

o-R-2 (0-7*1 (i 4 ) (xi, )) (x2,6) = CTR'*! (^) (2:2,6)) (a^i, 6) 
= = amum2ixi,^l,X2,^2)- 

Definition 2.2. Let be the set of all pairs 

{F,G) G 

such that 


d-Rri2 (F) = d-R^i (G). 

Let (Ti,Gi) € {F2,G2) G and set 

{F2,G2) o (Fi,Gi) := (F2 02 Fi,G 2 oi Gi) G S”*i+pi’”*2+pL 


Here 


(6) 


{F 2 02 Fi){xi,^i) := F2{xi,^i) OR 712 

(G 2 Oi Gi)(x2,^2) := G2(x2,^2) OR^*! Gi{x2,^2) 

where oruj denotes the operator product x G^f{W^^) and 

for ORTii analogously. 

We introduce the appropriate Sobolev spaces for bisingular operators. 


Definition 2.3. We define the Sobolev space as the completion 

Q**’*(Mni+ii 2 ) = s,tGM 


where the norm is given by 


Here A"’* := 8 A^^ and A^^ are invertible operators in the Shubin classes 

and respectively. 


Proposition 2.4 (cf. [6]). Let P G then P has a continuous linear 

extension 


P: Q*’*(M**i+**2) 


—^ Q 


s—mi ,t—m 2 


(M’ll+’12). 


Remark 2.5. It is not hard to show that we have the isomorphism 

for the Sobolev spaces on i = 1, 2 where by 8 we denote the completed projective 
tensor product. 
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2.2. Smooth, compact manifolds. On smooth compact manifolds we define the 
calculus of bisingular pseudodifferential operators. We refer the reader to the paper 
[23] for the details. 

Definition 2.6. Let flj C be open sets for i = 1,2. Then a € x ^ 2 ) if 

a € C°°{T*Qi X T*VL2) such that we have the uniform estimates 


A linear operator A: C“(ni x Q 2 ) x 112) is a bisingular operator if 

{Au){xi,X2) = ^ [ [ e^''^^+^''^^^a{xi,^i,X2,C2)HCi,C2)dCid^2 

[ZTT) ^ Jjjnj 

for a symbol a G x n 2 )- 

The subclass x 112) denotes the classical symbols having a bihomogenous 

expansion. Then x ^ 2 ) denote the classical bisingular operators. 

In analogy to the last section we have the symbols defined for A G (fli x 112) as 

follows 

ar(A): T*11 i\{0}^T7(L!2), 

(xi,Ci) tH- {xi,Ci,X2,D2), 

^^(A): T*ll2\{0 }^'L7 (L!i), 

( 3 ^ 2 , 6 ) a- (xi,Di,X2 ,6), 

^ |Q| ^ y |Q| ^ 

ixi,Cl,X2,C2) ^ ,7712 ixi,^l,X2,^2)- 

Additionally, the same compatibility condition (6) holds. 

We recall a definition of classical bisingular operators in terms of radial compactifica- 
tions due to Nicola, Rodino [21]. 

For this embed M"* into S'”* = G = 1, Cm+i > 0} via the homeo- 

morphism given by 

The inverse is given by TZC ^{zq,z) = 

We also define the maps TZCi = Id xTZCi which act on the cotangent space T*i}i = 
X M”' and map to x S”*. 

Fix the projection mapping 

tt: SlQi X 5;il2 ^ 

We therefore consider two manifolds with corners which each consist of two hypersur¬ 
faces. For the first case 

X S”^ 

\Sl^ X 

and we fix the boundary defining functions denoted pi and p 2 


^i.e. pi > 0 are smooth such that Ipi = 0| = s ’ 

p - IP / 

vanishing on the corresponding boundary hypersurface for i = 1, 2. 



and the l-form dpi is non- 
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For SlOi X SIQ 2 we have the two boundary hypersurfaces 


X 51^2 = (Oi X X 31^2, 

[SlQi X d{sxn2) = S^Qi X (!^2 X 

and we define the boundary defining functions pi := TT*pi, i = 1,2. 
We obtain a commuting diagram 


X 5(5+ 1 ^ 2 ) ■«- 


'R.Ci xld 


r*Oi X 8(31^2) 


3T X 5"2-i ^ 


wo 

X 5"2-i, 


IZCixld 

The boundary defining function pi is written 

((7^Cl X Id)Vi)(6,a;2) = 161"', 161 > 1, cu2 G 5"T 
We obtain the commuting diagram 


5(5+r2i) X 5* ^2 ^ 


3m-i ^ gn2 + 


Id x 7 ^C 2 


5(5|Oi) X r*fi2 


TTO 

1-1 


Id x'R.C 2 


3m-l ^ 


The boundary defining function p 2 is written 

((Idx7^C2)V2)(a;l,6) = l6r^ 161 > 1, u;i G 5^. 

On the manifold with corners 5+n x 5+^2 we define the induced smooth structure of the 
smooth manifold 3*l}i x 5*02- In particular we have the actions on functions coming 
from the radial compactification map and the inclusion i: 5+fI x 5+1^2 ^ 5*fli x 3*11,2 
summarized as follows 


C“(5*0i X 3 * 112 ) 


(7^Cix7^C2)* 

C°°(5;fli X 3 XII 2 ) - - Uc^{T*lli X T*ll2)- 

Given the actions on functions we obtain the commuting diagram 


5 ;III X 3X112 ^ 


31^ X 3T ^ 


TZCi x'lZC2 


‘JZCi x'K.C2 


T*lli X T*ll2 
wo 


This puts us in a position to give another definition of classical bisingular operators. 

Definition 2.7. The classical bisingular pseudodifferential symbols space for orders 
{mi, m 2 ) G is defined as 

3^i,m2^Q_^ X ^ 2 ) = (^1 X 'JZC2)*pX'^^pX""^C°°{3*^11i x 5;02). 
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The bisingular smoothing terms are identified with the smooth functions which vanish 
to all orders on the boundary hyperfaces. 

^-oo,-oo(j^i ^ ^ X ^ c°°(s:ini x s^Qs)- 

We can desribe the operator valued principal symbols for a given A = op(a). First 
let d € X S^Q 2 ) be the corresponding function. Then we have a 

Taylor expansion 

j<mi 

with the coefficients defined on the boundary hypersurface {pi = 0}. 

Then consider the function 

(Id x7ZC2)*dj: (Qi x x T*VL 2 C 

and extend this to a function 

(Id xTZC 2 )*dj: (Oi x 5^1"^) x ^ C 

which is homogenous of degree j with regard to G K""! \ {0}. The first principal 
symbol is then given by 

uj(A)(xi,ei) := ((Idx^2rdj)(xi,0,X2,B^,) G '1^7(02). 

An analogous construction yields a definition of the second principal symbol a^iA). 
The so defined principal symbols are invariant under changes of coordinates as can be 
shown ([23]). We obtain in this way a calculus x X 2 ) of pseudodifferential 

operators on two closed compact manifolds Xi,X 2 . 

Fix a Riemmanian metric pi on X* for f = 1, 2 and define (^) = (1 + for z = 1, 2. 

Definition 2.8. Let Xi,X 2 be two closed, compact manifolds. We introduce the 
Sobolev space x X 2 ) as the space 

X X2) = {uG S'{Xi X X2) : op((ei)'*M 6 )"^^^) G L\Xi x X2)}. 

With the norm 

M\si,s2 = l|op((6)'*M6)^"^^ll2 

for u G X X 2 ). 

It is not hard to show that we have the isomorphism 

iL*i(Xi)(g)iL*2(X2) ^ X X 2 ) 

for the Sobolev spaces on the manifolds Xi which is a Hilbert space tensor product. In 
particular the usual continuity properties hold as well as the immediate analog of Prop. 
2.4. Additionally, the space C'°°(Xi x X 2 ) = C°°{Xi)i^C°°{X 2 ) is the projective limit 
of the scale of Sobolev spaces. 


3. The X-theory 

3.1. Comparison algebras. In this section we consider the C*-algebras obtained by 
completing the order (0, 0) bisingular pseudodifferential operators. We first discuss 
these algebras for the calculus on smooth, compact manifolds where it is understood 
that our results apply immediately also to the global bisingular calculus. For the 
algebras obtained from the global calculus we then calculate the X-theory explicitly. 
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Lemma 3.1. i) Let Xi,X 2 be two smooth compact manifolds. The C{L‘^)-completion 
of X X 2 ) yields 

^ /C := X{L\Xi X X 2 )) 

the algebra of compact operators on . 
ii) We have an isomorphism 

/C ^ /Cl (8> /C 2 

where /Cj := /C(L^(Xj)), i = 1,2 and (8) denotes any completed C*-tensor product. 

Proof, It is a standard argument which demonstrates that the relative C{L'^{Xi))- 
completions of ^f^{Xi) yield the compact operators /C* for i = 1,2. To see this note 
that contains the smoothing operators '1'“°° which have a Schwartz kernel 

which is rapidly decreasing, hence contained in the Schwartz class S{Xi x Xj). The 
rapidly decreasing functions are dense in Lf{Xi x Xj). Since operators with L^-kernel 
are Hilbert-Schmidt (HS) we obtain the inclusions 

HS,C-> /C, 

^-“(X,)C-^ 

For the inclusion 'l'^^(Xj) C Xj we refer to e.g. [25]. The inclusion HSj C Xj is dense, 
hence the inclusion 'k[]]^(Xj) C X* is dense with regard to the /l(L^)-norm. 

The bisingular case is treated in exacly the same way, proving that 'I'“^’“^(Xi XX 2 ) C X 
is dense. 

ii) This a folklore result which can be established by an elementary but tedious argu¬ 
ment. Alternatively, it can be viewed as a special case of a tensor product property of 
groupoid C'*-algebras (in this case applied to the pair groupoids Xj x Xj, i = 1,2), see 
[18]. Note that this holds for any C'*-tensor product by the nuclearity of the algebra of 
compact operators. □ 

We make use of a technique which was introduced by H. O. Cordes [11] considering 
so-called comparison algebras of pseudodifferential operators. 

First recall the definition of comparison algebras for the standard Hormander calculus. 
Denote by Xj smooth compact manifolds for / = 1,2 and let T>{Xi) denote the algebra 
of differential operators (filtered by degree) on Xj for i = 1, 2. 

Fix the Laplace operators Aj := A^. for a fixed (smooth) Riemannian metric gi on Xj 
and set := (/ -I- Aj )“2 for / = 1, 2. 

Dehne the comparison algebras for i = 1,2 as follows 

UiX,) := ({LA« : L G V{X^), deg(L) < 1}, X^)c*. 

We have the following well-known result. 

Theorem 3.2 (H. O. Cordes). Let Xi,X 2 be two smooth compact manifolds. The 
C*-completion of the Q-order classical pseudodifferential operators yield 

^O(Xj) ^Z^(Xj), z = l,2. 


Our goal is to define the corresponding comparison algebra for the bisingular operators 
of order (0,0). 








ON THE r;-FUNCTION FOR BISINGULAR PSEUDODIFFERENTIAL OPERATORS 


9 


Definition 3.3. On Xi x X 2 define the following comparison algebra 
U{Xi X X 2 ) := (span{LiA(i) O : Lj G V{Xj), deg(Lj) < 1, j = 1,2}, /C)c* 

This leads to a corresponding result for bisingular operators. 

Theorem 3.4. We have an isomorphism of C*-algebras 

—fTn- 

U{Xi X X2) = X X2) 


Proof. We have the inclusion 

span{LiA(^) (g) L2A(2) ; Lj G V{Xj), deg{Lj) < 1} C x X 2 ) 

by definition of the bisingular class. 

Additionally, /C C x X 2 ) and hence the first direction is clear. 

For the other inclusion consider the combined principal symbol cri©(T 2 ^ {X 1 XX 2 ) —)■ 

and the induced action on and U{Xi x X 2 ) respectively. The actions have the 
same range = S, the completed symbol algebra (see [8], Lemma 3.3). Hence the 
assertion reduces to the order (—1, —l)-case and this follows from Lemma 3.1 ii). □ 

From the standard exact sequences 

- (Tx 

Xp, -^ TO (W)-^ C{S*Xi) 

we conclude that the completed algebras TOj(A'j) are nuclear each (since the property 
of nuclearity is closed under extensions). 

Therefore it does not matter which C^-tensor product we are using. Additionally, it is 
clear by definition that 

hliXi) ®U{X2) =U{Xi X X 2 ) 
for any C'*-tensor product (g. 

3.2. AT-theory. Consider now the classical global bisingular operators 
The Sobolev continuity in particular yields a continuous inclusion ^ T(L^(M"'i x 
W^^), L^(M”i And similarly for the order < 0 cases. We take the corresponding 

T(L^)-completions and obtain G*-algebras. 

Introduce the respective T(L^) completions 

Ai := G0 (M"i), A 2 := G0(M^2), Xi := X 2 := -4 := 

The results we obtained above carry over to this case with the same arguments. 

In particular we have the isomorphisms 

A^Ai^A 2, X^ Xi®X2. 

We obtain the following iL-theory^. 

Theorem 3.5. ITe have the following K-theory 

Ko{A) ^Z, A'i(^) ^0. 


2 


The calculations for the symbol algebra E which are not needed in this paper are lengthier, cf. [8]. 
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Proof. Consider the short exact sequences induced by the extended principal symbol 
maps 


>/Ci 


o' 

1 

^/C2 

A 2 C(A2^2-1) 

—^0. 


Apply the six-term exact sequence in K-theory to obtain 

Z-^ Ko{Ai) -^ Ko{Ai/}Ci) 

5 

Ki{AillC^) i - Ki{Ai) < - 0 . 

Since Ai contains the compacts and an element of index one (see e.g. [15], Thm. 19.3.1) 
there is a non-unitary isometry which acts with regard to some fixed orthonormal basis. 
Therefore every finite rank projection in the compacts is stably homotopic to 0 and 
the map in JT-theory induced by the inclusion j is the zero map. Hence the index 
mapping 5 is surjective. Since the iT-theory of the odd spheres is = 

A'0(S'2^i-i) ^ Z as well as ^ ^ Z we obtain 

Ko{A,) ^ KoiAillCi) ^ Z, Ki{A,) © Z ^ KiiAflCi) ^ Z 

hence 

KoiA,)^Z, Ki{Ai)^ 0 . 

Since the AT-theory groups are in particular torsion free we can apply Kiinneth’s theo¬ 
rem in A'-theory to obtain 

Ko{A) ^ Ko{Ai © A 2 ) ^ Ko{Ai) © i^o(^2) © Ki{A^) © A:i(A2) ^ Z © Z ^ Z 

and 

Ki{A) ^ Ki{Ai © A2) ^ a:o(Ai) © a:i(A2) © a:i(Ai) © a:o(A 2) ^ o 

as claimed. □ 

4. Complex powers 

In this section we recall the necessary terminology and assumptions for the study of 
complex powers of bisingular operators. Let A C C denote a sector in the complex 
plane. 

Definition 4.1. Let a G {Xi x X 2 ) be a symbol. We say that a is A-elliptic if 

there is a constant A > 0 such that the following conditions hold. 
i) For each jui] > R and A G A we have 

<i(A)(ui)-AIm. GmvT7(A2). 
a) For each |?;i| > R and A G A we have 

ar(A)(u2)-A/Mi GmvT7(Xi). 

Hi) For all jui] > R with z = 1, 2 and all A G A we have 

{a^^'^^{A){vi,V2) - A)-^ G X X 2 ). 


In order to introduce complex powers we need to make an additional assumption (cf. 
e.g. [6]). 
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Assumption 4.2. i) A ^ x X 2 ) is A-elliptic. 

ii) (t{A) n a = 0 (i.e. A is in particular invertible). 

Then it is possible to define complex powers for bisingular operators. 

Definition 4.3. Let A be a bisingular operator fulfilling the assumption 4.2. Then set 

A,-.= — [ A^(A - XI)-^ dX, ^{z) < 0 
2vr JdA+ 

with Ag := A U {z G C : |z| < e}. 

We set 

:= A^_fcoA^ ^{z-k) <0. 


Remark 4.4. i) The integral for A^ exists by the standard estimate \\{A — XI) ^11 = 
0(|A|-i), cf. [4], Thm. 2.1. 

a) Given A G x X 2 ) which admits complex powers we obtain an operator 

A^ G X X 2 ), see [4], Thm. 2.2. 

in) We recall the following estimates from [4], Lem. 2.1, see also [19]. Let a be a given 
symbol which is assumed to be A-elliptic. For all Ki C n* compact there is a constant 
Co > 1 such that for 

:= {z G C\A : < |z| < co(6)”^M6)™n- 

Co 

we obtain that 


spec(a(xi,^i,X2,6)) = {A G C : 0 ( 3 : 1 ,^ 1 , X 2 ,6) - A = 0} C x* G Hj, G M”L 

We have the estimates 

|(A - o^,,™,(xi,6,X2,6))-'| < C(|A| + 

as well as 

i(o„,,, - xh)-^\ < c(|A| + 

1(0.,^, - a/2)-'| < C(|A| + 

for each x* G Ki, G A G C \ * = 1,2. 


We are going to show that complex powers of the classical bisingular operators are again 
classical bisingular operators. The proof given here relies on the radial compactification 
and this method of proof works also in the SG-calculus (see [5], Thm. 1.9). 

Theorem 4.5. Let A G x A 2 ) such that A fufills assumption 1^.2 and 

z ^ C such that 3?(z) < 0. Then the complex power operator A^ is contained in 
X A2). 


Proof. We fix the notation m = {mi,m 2 ), e = (1,1) as well as TZ—: C°°{S"fLli x 
5;fl2) ^ C°^{T*ni X T*n 2 ) given by U^f := {TZCi x IZC 2 )*f ■ By the 
Cauchy integral formula we obtain 


a = 


-f 

2m Jg 


A^sym((A — XI) ^) dX. 


d+nii,i2 


We want to show that G S';j . First consider 


27ri 


'd+n, 


€i.?2 


A {am X) dX — [Um ( 2:1 , ^1 , X2, ^ 2 )] • 
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It is our aim to prove that [am(xi, 3 : 2 , ^ 2 )]^ G ■> i-®- by definition {TZ—^) ^bmz G 
C°°(5;Oi X 5;02). “ 

To this end we calculate 


{TZ—^) ^bmz{yi,m,y2,V2) 


1 

27ri 

1 

27ri 

1 

27ri 



•R-Cj h«l),7iC^he2) 

7^c-h5l),^^c-he2) 

7^c-l(^l),7^c-he2) 


\z p^rniz ~m2Z 

Pi P 2 


a^(7^C^l(el),7^C2l(6))-A 


dX 




O-miT^Ci (C2)) PPi 


-mi ~-m 2 

P 2 


__ 

C^-)-^am(y,^) -/3 




via the substitution A = ™'^/52 By the previous remarks we have the estimate 

(in radial coordinates) 

\{TZ-)~^am{y,v) - p\> <^(1 + 1 ^ 1 ). 


Hence we obtain that {TZ—^) ^bmz S x 5^112). 

Using the parametrix construction in the bisingular calculus we write first 



which equals by the Cauchy integral formula 


Recall that 



X^b{X) dX. 


6(A) = (H) - A/ 2 )-' + V’ 2 «^(AI) - A/i)"i + - A)-i + c(A) 


where 

Ac(A) G g-mi-l,-m2-l(^Xi X X 2 ), V A G A. 

In particular using the asymptotic expansion argument in the parametrix construction 
(as in the proof of Thm. 1.9 in [5]) 


/ A^c(A) dX G 


The cases 


and 



A/ 2 )-' dX G 
A/i)-i dX G 


are proven using the theory of complex powers of pseudodifferential operators on closed 
manifolds. 

Finally, the case /(a^ — A)“^A^dA = b^z € was already established. We have 
therefore shown that G . □ 
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5. The bisingular canonical trace 

The so-called canonical trace for classical pseudodifferential operators was introduced 
by M. Kontsevich and S. Vishik, see [17]. In this section we outline this construction for 
the bisingular pseudodifferential operators, thereby obtaining a definition of a canonical 
trace functional for bisingular operators (i.e. the bisingular canonical trace TRbising)- 
Let Ei ^ Xi, i = 1, 2 be two smooth, hermitian vector bundles and let A G x 

X 2 ,£'i KI E 2 ). Denote by i^(xi, X 2 , yi, 1 / 2 ) the distributional Schwartz kernel of A and 
by a G x X 2 , i?i Kl E 2 ) the symbol. 

In parallel to the construction in [17] we consider the difference of the Schwartz kernel 
K (restricted to diagonals of local charts) and the Fourier transforms of the first Ni + 
1, Ni ^ 1 for z = 1, 2 bihomogenous terms • • • , aQ,_ 7 Vi,/ 3 -iV 2 - 

We can write 

ni —n2+Q!+/3+j;-t-/i: (^1 ? ^2? i/l; ^2 ^ 2 ) 

= (27r)"(”i+”2) / / e^p{i{xi-yi)^i + i{x2-y2)^2)aa-j,p-k{xi,^i,X2,^2)d^id^2- 

Here a is positive homogenous in yi — xi G y 2 — X 2 G of orders (—ni -|- 

a — j, —n 2 + /3 + /c) and a,l3 ^ Z. A distribution in y |q|^ j^^s a unique 

prolongation to V' , therefore K-ni+a+j,n 2 -i 3 +k{xi, X 2 , xi — yi,X 2 — 1 / 2 ) makes 
sense on yi ^ xi, 2/2 / 3^2• 

Now we consider the (bihomogenous) difference 

Ni N 2 

K{xi,X 2 ,yi,y 2 ) - ^ ^ A:-ni+a-i,-n2+/3-fc(a^i, 2 : 2 , yi - a;i,y 2 - X 2 ). (7) 

j=0 k=0 

For Ni, N 2 > 0 sufficiently large (7) defines a continuous function on (U xU) x (V x V) 
for U C Xi, V d X 2 open sets. We define the density tuxv{A) as the restriction of 
the difference (7) to the diagonals Ajj x Ay. The integral density ti/xvi^) restricted 
to the diagonals Au x Ay takes values in End(Fii Kl ^ 2 ). 

Definition 5.1. The bisingular canonical trace is dehned as the integrated density 

TRbising (-4) = [ trt(A). 

JX 1 XX 2 

Remark 5.2. The definition is independent of local coordinates in Xi x X 2 by the 
same argument as in [17]. If the real parts of the orders of A are less than (— ni, — n 2 ) 
we obtain the trace 

Tr(A) = TRbising(^)|L2(AixA2,EiKIE2)- 


We can now state the analogues of Lemma 3.1, Lemma 3.2 and Theorem 3.1 of [17] 
(the proofs being analogous as well). In the main theorem we use the notation Wres^ 
for the bisingular Wodzicki trace as introduced in [21], p. 195, see also Def. 6.4 on p. 
15 of the next section. 

Lemma 5.3. The difference (7) is continuous on [U x U) x {V x V) for W, N 2 
sufficiently large. Hence the restriction to the diagonals of the density tuxvi^) makes 


sense. 
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Lemma 5.4. The density tjjxvi^) with values in End(£'i Kl E 2 ) is for large Ni, N 2 
independent of local coordinates in Xi x X 2 and of local trivializations of Ei ^ E 2 . 

Theorem 5.5. The linear functional 

TRbising(^) = [ trt(^) 

JXiXX2 

for A € ^ ^ andaoeC\Z, /3o € C \ Z has the following 

properties: 

(1) TRusmg{A)\L2^XixX2,EimE2) =Tr(A) for Re ord(^) < {-ni,-n 2 ). 

(2) TRbising(^) is of trace-type, i.e. 

TR([R,C]) = 0 for ordR + ordCe {ao + Z,Po + Z). 

(3) For any doubly holomorphic family A(z, w) of classical bisingular pseudodifferential 
operators on Xi x X 2 and z€UcC, w€VcC with ovd A{z,w) = {z,w), the 
function TR\y\^\y^^A{z,w) is meromorphic with poles at z = mi G UCiZ, w = m 2 G ZdV. 
The residues are 

Res2:=mi R,6Siy=7722 TRbising(^(^,w^)) = -Wves'^ A{z,w). 


6 . The Wodzicki trace 

In the following discussion we define the bisingular Wodzicki residue and recall the trace 
property. At first we state a folklore result which is easily adapted to the bisingular 
calculus. 


Lemma 6.1. Let A G x X 2 ) such that mi < —ni,m 2 < —n 2 then A is a 

trace class operator over L?‘{Xi x X 2 ). The trace is given by 

TvA= [ A|a 

JXixX2 

where A C {Xi x ^ 2 )^ denotes the diagonal and K is the Schwartz kernel of A. 

We use the notation Tr = TRbising for the canonical trace which extends the trace in 
the previous Proposition. 

Definition 6.2. Let A G x A 2 ) be an operator which fulfills the assumption 

4.2. Then the spectral ^-function is given by 

C(A,z) := / KA^{xi,X2,xi,X2)dxidx2 

JXiXX2 

where ifi{z)mi < —ni,ifi{z)m 2 < —n 2 - Here Ka^ denotes the kernel of the complex 
power operator A^. 


Additionally, we fix the set of simple poles of the spectral C-fuRction as follows 


Vc := 


- J .(1) .- J 


•= 


(2) _ k- n2 


zl = 


mi 


m 2 


:j,ke No 


Note that C can have poles of order two, namely this can occur R ^ see also 

[4], Theorem 2.3. 

For the definition of the Wodzicki residue we have to consider doubly parametrized 
holomorphic families of operators (^(z, as in [21]. 
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Proposition 6.3 ([21], Thm. 3.2). The double ^-function 

(z, t) i-a Tic{A{z, t)Q^^ (8> Q 2 

is holomorphic for lfi{z) > rrii+ni, 3?(r) > m 2 + n 2 - Furthermore, it can he extended to 
a meromorphic function with at most simple poles at z = ni + mi +j, r = m 2 + n 2 — k 
where j, k G No- 


We fix the notation Res^ for the k-th residue. Let / be a meromorphic function with 
Laurent series expansion f{z) = Ylij<-^^jZ~^■, we set 


Res^ ^ CjZ ^ = 
j<-u 


Ck, k> 0 

0, k < 0 


Definition 6.4. The k-th Wodzicki-residue is a linear functional Wres^^^: x 

X 2 ) —>■ C defined by 

Wres(^)(A) = Res2oTr(^(-^, 0 Qf^). 

Here Qi € are positive elliptic operators, i = 1,2. 

In the case k = 2 we call Wres^ the bisingular Wodzicki residue. 


Remark 6.5. In [21] the authors introduce additional functionals Tri and Tr 2 . Set for 
Q G elliptic and of order one 

TrQ(H) = lim (tt{AQ~'') - Res*—') 
z^o \ z ) 

for the regularized value at z = 0. Here we define 

Resi(H) := Res,=oTr(HQ-^) 

the Wodzicki residue. One can prove that the Wodzicki residue does not depend on Q 

and that it defines a trace on 

Define 

fri(H) := (27r)-"i / Tvq.af^^A) dui 

Js*Xi 

and 

fr2(H) := (271)-^ [ TiQ.af^^iA) ck^2. 

Js*X 2 

These functionals do not represent a trace on {Xi x X 2 ). Though they do yield a 
trace if restricted to and respectively and the restrictions are 

Tri(H) = (27r)-”i [ lAaf'^^{A) diwi, A G x X 2 ), 

Js*Xi 

Tr 2 (A) = ( 27 r )-”2 f Traf'^^A) duj 2 , A G ^-^^-h^(Xi x X 2 ). 

Js*X2 

The functionals Tri and Tr 2 which are the restrictions of Tri, Tr 2 to ^(^1 x 

-^ 2 ), X X 2 ) respectively do not depend anymore on the choice of Qi and 

Q 2 (see [21], Remark 3.4). 

In [21], Thm. 3.3. it was shown that the bisingular Wodzicki residue can be expressed 
solely in terms of the scalar principal symbol in the following sense. 
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Theorem 6.6 ([21], Thru. 3.3). Let A € x X 2 ) be a classical bisingular 

pseudodifferential operator, then 

Wres^(^) = (27r)"’^i"”2 f a~"'^~"'^{A){xi,f,i,X2,C2)du)i{xi,f,i)duj2{x2,f.2)- 

Js*XixS*X2 

( 8 ) 

In particular the definition 0 /Wres does not depend on the choice of the operators Qi 
and Q 2 . 

The following Theorem and its proof is adapted to the bisingular context from a result 
of M. Wodzicki, see [16], Prop. 1.3. 

Theorem 6.7. The bisingular Wodzicki residue Wres^ is a trace on i-e. A £ 

X X 2 ), B G X X 2 ) then we have Wres2([^,B]) = 0 

Proof. First rewrite Wres^ in terms of the spectral (^-function (cf. [24]) as follows 

Wres^(^) = m[m 2 -^{Resl^iCiP + uA, 2:))|„=o- 

for an elliptic operator P G x X 2 ) and 2 : G (—1,1). Under the assumption 

that A is elliptic and invertible we obtain 

Tr((P + uAB)-^) = Tr:{A-\P + uAB)-^A) 

= Tr{{A-^PA + uBA)-^). 

mi m2 

In general we can set A{z,z) = A + z{I + Qi)~ <8) z{I + Q 2 )~ for positive, elliptic 
operators Qi G 'l').^(Xj), i = 1,2. Then A(z,z) is clearly invertible for \z\ large. And 
hence it follows by the above calculation that 

Wres(A( 2 :, z)B) = Wy:es{BA{z, z)), \z\ :$> 0. 

This equality still holds for z = 0 since both sides are of degree 1 in 2 . □ 

Definition 6.8. Given A G x X 2 ) elliptic and selfadjoint the r/-function is 

given by 

r]{A,z) := TxA\A\-^^+^\z G C. 

Using the trace property of the bisingular Wodzicki residue, 6.7 we obtain the following 
result (see also [22], Prop. 2.4). 

Lemma 6.9. For a given selfadjoint, elliptic bisingular operator A the rj-function 
r}{A, z) is holomorphic outside Vc^ and on has at worst order two pole singulari¬ 
ties such that 

Res^=^r;(A, 2 ) = mim2Wres^(F|A|“°'), cr G (9) 

Here F := is the sign-operator. 

Proof. This follows from Theorem 5.5. □ 

If A: C°°{Xi X X 2 ) —)■ C°°{Xi X X 2 ) denotes a classical bisingular pseudodifferential 
operator on smooth compact manifolds Xi,X 2 which is self-adjoint of orders mi > 
0 , m 2 > 0 we designate by the indices f the spectral cut in the lower halfplane 9A < 0 
and by f the spectral cut in the upper halfplane 9A > 0. 

We fix the notation n±(A) for the projection onto the positive respectively negative 
eigenspace of A. 
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Theorem 6.10. Let A be a self-adjoint, classical bisingular operator with assumption 
4 . 2 . Then for k gN we have the identity 

Resl^QiliA, z) = Res^=o(C4.(^, z) - Ct(^, z)) - Res^+^Ct(^> z). 

In particular for k = 2 we obtain 

Resl^Qr]{A, z) = mim 2 Wres^(^|A|"^) = ReSfc=o(Cl(-4, z) - Ct(-4, z)). (10) 

Proof. The proof is adapted to our case from [22], For A = A* selfadjoint we set 
F = for the sign-operator of A. This can also be written 

F = n+(A)-n_(A). 

Then from the definition of rj it follows that we can write 

v{A,z) = TvF\A\-^,ze C. 

By definition the difference Ct(^) z) — C 4 ,(^, z) to rj{A, z) is related by the sign operator 

A^ = U+{A)\A\^ + (11) 

Af = n+(^)|^|^ + e*^^^_(^)|^|^ . (12) 

Thus 

A^-Al = (e-“^ - F^^)R-{A)\A\^ = (1 - e^^^^)R-{A)A^. (13) 

We get from (11) and (12): 

- F\A\^ = (1 + e-^^^)U_{A)\A\F 
Use (13) and (1 — e*^^)(e“*^^ -|- 1) = _ ^nrz obtain 

A^-Al = (e-*^^ - e*^^)(l + e^^^)-^(A^ - F\A\^) = (1 - e*^^)(A| - F\A\^). (14) 

Via ?7 (j4, z) = TrF|74|“^ it follows with this 

Ct(^, ^) - a(^, ^) = (1 - e-*"^)Ct(^, ^) - (1 - e-“^)7?(A, z), z e C. 
Equivalently, write 

ri{A z) = C 4 ,(^, z) - Ct(^, z) + {l- e*^"^)Ct(^, z). (15) 

Apply the fc-th residue to both sides of (15) 

Res^=o?7(A, z) = Res^=o(C 4 ,(A, z) - Ct(A, z)) - Res^+^Ct(^> z) 

By Lemma 6.9 this yields for k = 2 

mim 2 Wres(F) = Res^=o(Ct(-4, z) - (^{A, z)) - Res^=oCt(-4, z). 

For k = 2 we therefore obtain the result since the residue on the right hand side is 
0. Consider the case k = 1 and rewrite the residue on the right hand side as follows 
(inserting the definition of 

ResLoCt(^w) = ResLoTr((n+(A) +e-*"^n_(A)|Ar) 

= ResLoTr((n+(A) +n_(A)|Ar)) + ResLo(e-“^ - l)Trn_(A)|Ar 

Note that the second expression with the trace on the right hand side has a second 
order pole. The residue of the second expression on the right hand side is therefore 0 
leaving the term 

Res^=oCt(^:^) = Res^=oTr|^r = 0. 

Hence we obtain that Res^=o? 7 (A, z) = Res^=o(Ct(^) “ C4.(^) z)) as requested. □ 
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7. Regularity of the //-invariant 

In order to derive the main result we need to establish algebraic topological proper¬ 
ties of the bisingular class. For this we state the following result (cf. also [10] or 
[ 8 ]): A bisingular operator A G £(C^^^)) is elliptic if and only if A 

is a Fredholm operator A: —>• for some / all 

(s, t) G 

Lemma 7.1. i) The classical bisingular operators x form a 

'it*-algebra. 

ii) The algebra ig closed under holomorphic functional calculus. 

Proof, i) Let A: ^ 2 ^]^ni+n 2 . ^ linear isomorphism. We 

need to prove that A is in particular invertible in G^f C{C^^’‘)). To this end 

note that by the above result we have A = op(a) for an elliptic symbol a G The 
operator A is Fredholm by assumption, hence there is a 6 G such that 

op(a) op( 6 ) = I Ri, op( 6 ) op(a) = I R 2 
for Ri a smoothing operator. Then observe that 

A~^ = op( 6 ) — op(a)i ?2 + 

where the inverse on the right-hand side denotes the inverse in the bounded operators 
on L^. Hence we have shown that 

inv(T(L^)) n ^ = inv(^) 

which verifies the 'I'*-property. 

ii) Let A G x , C{C^^^)) and denote by cr{A) the spectrum of A considered 

as an operator in x Denote by 7 a curve around cr{A) within an open 

set D C C. By the above result we know that A is invertible if ^4 G invT(L^). Since 
G’fi is a Frechet algebra the group inv(G[;; ) is also open. Therefore by a classical 
result the inversion is continuous. Hence the operator 

f{A) = ^J^f{z)iz-A)-UX 

exists and is contained in G^f. Therefore G^f is closed under holomorphic functional 
calculus. □ 

Proposition 7.2. Let A G ( 7 ™i’m 2 ^j^ni+n 2 ^ be a self-adjoint, elliptic operator 

with mi, m 2 > 0. Assume that A is contained either in the upper half-plane {z G C : 

> 0} or the lower half-plane {z :G C : 7y(z) < 0}. Then the symbol A fufills the 
assumption j.2. 

Proof. 1) Consider first the joint principal symbol. We have = 

(t'" 1’™'2 hence the spectrum is contained in M. This implies that the first condition 
needed for A-ellipticity holds. Next it holds that ai{A*) = ai{A)* = ai{A), hence the 
principal symbol is self-adjoint valued. The same holds for the second principal symbol. 
Therefore the second and third condition hold as well. Hence we have verified part i) 
of the assumption 4.2. 

2) From the self-adjointness of A it follows that the spectrum (j{A) is contained in M. 
Hence cr(A) n A = 0 which verifies part ii) of the assumption 4.2. □ 
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Theorem 7.3. The rj-invariant r]{A, z) for a given positive, elliptic and self-adjoint 
elassical bisingular operator A has at most first order poles in z = 0. 

Proof. We consider the case ^ for in this case the r] function can have poles of 

—ffn- 

second order. Setting A := we know from section 3 that A = Ai®A 2 . 

Since the X-groups of Ai and A 2 are torsion free we can apply Kiinneth’s theorem to 
obtain the iC-theory Kq{A) = Z ig) Z with generator [Ii]q g [/2]o = [-^1 <S> 72]o- 
By spectral invariance the inclusion j: G^f A induces an isomorphism in ill-theory 

Ko{j)-. Ko{G^f)^Ko{A). 

Fix a trace —>■ C on gl. Let p G G^f^^ be an idempotent, then there is a unique 

homomorphism in iL-theory Kq(t‘^) : Kq(A) —>■ C making the following diagram com¬ 
mute 



such that 

Ko{t^){\p]o) = t‘^{p)- 

In particular we see that 

iLo(Wres2)([/i]o g [hh) = Wres^h g h). 

The latter trace is zero which can be seen by expressing the trace in terms of the 
asymptotic expansion which only depends on the a-ni,-n 2 term by an application of 
Theorem 6.6 which carries over for the global bisingular operators. Hence iLo(Wres^) = 
0 and thus Wres^(p) = 0 for any idempotent p in G^f. Since the double residue of the 
r] function is expressed as the Wodzicki residue of an idempotent (cf. Lemma 6.9) we 
obtain that the double residue vanishes. Therefore r] does not have poles of second 
order in 2 : = 0. □ 


8. Concluding remarks 

The previous arguments can be easily adapted to the SG-calculus. In particular it 
is known that the classical SG-class is closed under complex powers (cf. [5], [19]). 
Additionally, we can define the ry-function and adapt the proof of this paper to the SG 
case. The LC-theory of completed SG-operators has been calculated in [20]. 

We have in this paper restricted discussion of the regularity of the ly-function to the 
global calculus. It is a future goal to also study the regularity properties for the bisin¬ 
gular calculus on closed manifolds. In this case more advanced techniques are needed. 
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